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1 Introduction 

The exceptional Lie group G2 is the group of automorphisms of the Cayley 
numbers O: the non-associative normed algebra over R of dimension eight 
having an orthonormal basis {l,eo, . . . ,e&} with multiplication determined 
by 

1, &i&j CjCj; (i 7^ 3)1 
eie i+1 = e i+3 , e i+3 ej = e i+1 , e i+1 e i+3 = e h (i,jeZ 7 ). 

The set ImO of pure imaginary Cayley numbers is the span of {e , . . . , e 6 }. 
The group G 2 can be equivalently defined as the subgroup of SO(7) acting 
on ImO consisting of those elements which preserve the three-form given by 



'1.1) ip = ^ 6i A e i+1 A e i+3 , 



■lei 
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where we have also denoted by the dual one- form of e^. Furthermore, it 
can be shown that G 2 acts trivially on R as a subalgebra of O, so G 2 acts 
preserving the splitting O = R © Im O. 

The subgroup of G 2 consisting of the automorphisms on O that leave 
invariant an imaginary unit, for instance, eo, is isomorphic to 5(7(3). On 
this fact it is essentially based the possibility of defining an S!7(3)-structure 
on an orientable hypersurface of a manifold equipped with a G 2 -structure. 
Thus, Calabi in [1] and Gray in [9] considered orientable hypersurfaces M of 
Im O, studying the induced SJ7(3)-structure on M as an almost Hermitian 
structure (L7(3)-structure). We recall that manifolds with S(7(n)-structures, 
i.e., special almost Hermitian manifolds, are defined as almost Hermitian 
manifolds (M, /,(•,•)) equipped with a complex volume form ^ = ip + + 
Likewise, a G 2 -structure on a seven- dimensional manifold M is a reduction 
of the structure group of the tangent bundle to G 2 and is determined by a 
global three- form <p which may locally written as in (1.1). 

In the present work, we consider the structure on M in its full condition 
as SL r (3)-structure. So, we complete the information of the particular situa- 
tions studied by Calabi and Gray with information coming from the complex 
volume form On the another hand, we extend the results of Calabi and 
Gray to orientable hypersurfaces M of manifolds M with G2-structures in 
general. Thus, in a first instance, we prove results relating tensors involving 
the almost complex structure J, the complex volume form ty, the shape ten- 
sor of M and the three form (p. Then, fixing the type of G 2 -structure on M, 
we apply such results in deriving geometrical conditions to be satisfied by M 
to characterize types of S(7(3)-structure. 

The paper is organised as follows. In §2 we present some preliminary 
material (definitions, results, notation, etc.) about special almost Hermitian 
six-manifolds and give a new alternative way to characterize the diverse types 
of such structures (Proposition 2.7). Furthermore, we explicitly describe the 
intrinsic SL r (3)-torsion in terms of the exterior derivatives of the Kahler form 
uj and the complex volume form \f. Then in §3, we recall some definitions, 
results and notations about G 2 -structures. Likewise, we express the intrinsic 
G 2 -torsion in terms of the exterior derivatives dip and d * (p. 

In §4 we consider orientable hypersurfaces M of seven-dimensional mani- 
folds M with G 2 -structure. Thus we start with the description of the induced 
S!7(3)-structure on M. Then we prove the key results of the present work 
which are contained in Proposition 4.2. Such results are repeatedly applied 
in the proves of the successive theorems. In each one of these theorems, 
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we fix a type of G2-structure on M. To avoid a too long exposition, we 
only consider types of G2-structure corresponding to the irreducible modules 
Xi, . . . , X4 which occurs as summands in the G2-decomposition of the space 
X of covariant derivatives of [8]. Finally, in §5, we give some examples. 

Acknowledgements. This work is supported by a grant from MEC (Spain), 
project MTM2004-2644. 

2 SU(3)-structures 

In this section we give a brief summary of properties and results relative 
with special almost Hermitian six-manifolds. For more detailed and exhaus- 
tive information see [2, 15]. In the final part of this section, we present 
a new alternative way to characterize the diverse types of S!7(3)-structure 
(Proposition 2.7) and express the intrinsic S!7(3)-torsion by means of exterior 
algebra. 

An almost Hermitian manifold is a 2n-dimensional manifold M with a 
[/(n)-structure. This means that M is equipped with a Riemannian metric 
(•, •) and an orthogonal almost complex structure I. Each fibre T m M of the 
tangent bundle can be consider as complex vector space by defining ix = Ix. 
We will write T m Mc when we are regarding T m M as such a space. 

We define a Hermitian scalar product (•, -)c = (•, •) + •), where oj is 
the Kahler form given by co(x,y) = (x,Iy). The real tangent bundle TM 
is identified with the cotangent bundle T*M by the map x — > (•,#) = x. 
Analogously, the conjugate complex vector space T m M c is identified with 
the dual complex space Z^M C by the map x — > (-,x)c = %c- It follows 
immediately that xc = x + ilx. 

If we consider the spaces A P T^M C of skew-symmetric complex forms, one 
can check xq A yc = (x + ilx) A (y + ily). There are natural extensions of 
scalar products to APT^M and A P T^M C , defined respectively by 

^ 2n 

(a, b) = — a ( e n>- • • ,e ip )b(e h ,. . . ,e ip ), 

h,...,i p =l 

I 11 

(ac,b c )c = — ^ ac(u il ,...,u ip )bc(u il ,...,u ip ), 

h,...,i p =l 

where ei, . . . , t2n is an orthonormal basis for real vectors and u±, . . . , u n is a 
unitary basis for complex vectors. 
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The following conventions will be used in this paper. If b is a (0, s)-tensor, 
we write 

I(i)b(X 1 , . . . , Xi, . . . , X s ) = —b(X 1 , . . . , IX, h . . . , X 3 ), 

Ib(X U . . . ,Xg) = (-l) S b(lX 1 , . . . ,IXg), 

A special almost Hermitian manifold is a 2n-dimensional manifold M with 
an S(7(n)-structure. This means that (M, (•,•),/) is an almost Hermitian 
manifold equipped with a complex volume form \1/ = ip + + such that 

*) c = 1. Note that I {i) ip+ = 

In the following, we will only consider special almost Hermitian six- 
manifold. If ei,e 2 ,e3 is a unitary basis for complex vectors such that 
*(ei,e 2 ,e 3 ) = 1, i.e., ip + (e 1 ,e 2 ,e 3 ) = 1 and ip-(e 1 ,e 2 ,e 3 ) = 0, then 
ei, e 2 , e3, Jei, Je 2 , Je3 is an orthonormal basis for real vectors adapted to the 
SU"(3)-structure. The three forms ip + and ip- can be respectively expressed 
by 

ip+ = t\ A e 2 A e 3 — Jei A ie 2 A e 3 — /ex A e 2 A ie 3 — e x A ie 2 A Je 3 , 
■0_ = — Jei A ie 2 A ie 3 + Jei A e 2 A e 3 + e\ A Je 2 A e 3 + e\ A e 2 A Je 3 . 

Moreover, it is straightforward to check cj 3 = 6 e x A e 2 A e 3 A Je x A Je 2 A Je 3 , 
where w 3 = w A w A w. If we fix the form VoZ such that QVol = uj 3 as real 
volume form, it follows next lemma. 

Lemma 2.1 ([15]). Let M be a special almost Hermitian Q-manifold, then 

(i) ip + A uj = ip_ A uj = 0; 

(ii) tp + Aip- = -4 Vol and ip + Aip + = ip- Aip- = 0; 

(iii) for 1 < 2 < j < 3, = -ip + and I^I^ip. = -ip-; and 

(v) x Aip + = Ix Aip- = —(Ix_iip + ) A uj and xjip + = Ixjip-, for all vector 
x, where j denotes the interior product. 

Furthermore, let us note that there are two Hodge star operators, defined 
on M, respectively associated with the volume forms Vol and ^ . Relative 
to the real Hodge star operator *, we have the equations 

(2.1) * (*(// A ip + ) A ip + ) = * (*(fi A ip-) A ip-) = -2fi, 

(2.2) * (*([! A ip-) A ip + ) = — * (*(fi A ip + ) A ip-) = 21/1. 
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We are dealing with G-structures where G is a subgroup of the linear 
group GL(m, R). If M possesses a G-structure, then there always exists a 
G-connection defined on M. Moreover, if (M m , (•,•)) is an orientable Tri- 
dimensional Riemannian manifold and G a closed and connected subgroup 
of SO(m), then there exists a unique metric G-connection V such that £ x = 

— takes its values in g- 1 , where q 1 - denotes the orthogonal complement 
in so(m) of the Lie algebra q of G and V denotes the Levi-Civita connection 
[17, 4]. The tensor £ is the intrinsic torsion of the G-structure and V is 
called the minimal G-connection. 

For U"(3)-structures, the minimal U"(3)-connection is given by V = V + £, 
with 

(2.3) i x Y = - l -I{V x I)Y. 

see [6]. Since U(3) stabilises the Kahler form u, it follows that Vu; = 0. Then 
Vu = — £uj G T*M <g> u(3) ± . Thus, one can identify the [/^-components of 
£ with the (7(3)-components of Vcj. 

For SL r (3)-structures, we have the decomposition so (6) = su(3) + R + 
u(3) ± , i.e., 5u(3) ± = R + u(3) ± . Therefore, the intrinsic S(7(3)-torsion rj + £ 
is such that rj G T*M ® R = T*M and £ is still determined by Equation 

(2.3) . The tensors u, and ■?/>_ are stabilised by the <SU"(3)-action, and 
V su ^tu = 0, V SC/ ( 3 V+ = and V sl7 ( 3 V- = 0, where V su ^ = V + rj + £ 
is the minimal S!7(3)-connection. Since V sl7 ( 3 ) is metric and rj G T*M ® R, 
we have (Y, ?7x-Z) = (-^X-^V^ Z), where r\ on the right side is a one-form. 
Hence 

(2.4) Vx Y = I V (X)IY. 

One can check r]tu = 0, then from V st7 ^ 3 ^o; = it is obtained 

Vcj = -£cj G T*M <g> u(3) x = Wi + W 2 + W 3 + W 4 , 

where the summands Wi are the irreducible (7(3)-modules given by Gray and 
Hervella [11] and + denotes direct sum. The spaces W3 and W4 are also irre- 
ducible as S(7(3)-modules. However, W\ and W2 admit the decompositions 
Wi = W^~ + W~ , i = 1,2, into irreducible S(7(3)-components, where Wf 
(W~) includes those oG^C T*M <g> A 2 T*M such that the bilinear form 
r(a), defined by 2r(a)(x,y) = (xja,y_iifj + ), is symmetric (skew-symmetric). 
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On the other hand, since V sl/(3 V+ = and V SC/(3 V- = 0, we have 
V?/> + = — C,ip + and V^- = —rjip^ — Therefore, from Equations 

(2.3) and (2.4) we obtain the following expressions 

1 

-r] X ^+ = -3Ir)(X)il>_, = ' x u) A (e^-), 

-77 X V- = 3/r7(X)^+, -Zxip- = -^(ejjVx^) A (e;jV>+), 

where the summation convention is used. We use this convention along the 
present paper. 

It is obvious that -r]ip + G W 5 ~ = T*M ® if>_ and -77^- G W 5 + = T*M <g> 
The tensors — £?/> + and — are described in the following proposition, 
where we need to consider the two SU"(3)-maps 

(2.5) S+, H_ : T*M <g> u(3) x -> T*M <g> A 3 T*M 

respectively defined by V.u — > 1/2 (ejjV.u;) A (ej_r0_) and V.u; — > 
-1/2 (e^V.cj) A (e,j^ + ). 

Proposition 2.2 ([15]). T/ie SU(3)-maps S + and H_ are injective and 

2+ (T*M <g> u(3) ± ) = S_ (T*M <g> u(3) x ) = T*M <g> T*M A w. 

Last result and above considerations give rise to the following theorem 
which describes the tensors Vt/>+ and V^-- 

Theorem 2.3 ([15]). Let M be a special almost Hermitian 6-manifold with 
Kahler form oj and complex volume form ^ = ip+ + iip- ■ Then 

G wf ;a + Wf ' b + Wf' a + Wf' b + nf + wf + w 5 -, 
G Wf ' a + Wf ' b + W 2 S;a + Wf' b + Wf + wf + w 5 + , 

wfere Wf ;a = ~ + (W+) = S_(W"), = S + (W/) = S_(V^+), i = 1,2; 

Wf = E+(Wj) = S_(W,-), J = 3,4; W 5 + = T*M®^+ and W 5 _ = T*M<g> ■?/>-• 

Further details of the SL r (3)-components of Vip + and V - ^- can be found 
in [15]. Moreover, if we consider the alternation maps a± : W = + — > 
A 4 T*M, we get the following consequences of Theorem 2.3. 
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Corollary 2.4 ([15]). For SU(3)- structures, the exterior derivatives of ip + 
and ■?/>_ are such that 

#+, G A 4 T*M = + W 2 a + W 4 a j5 , 

where a ± (Wf' b ) = Wf, a ± (W 2 S;6 ) = W 2 a and a±(Wf ) = a±(W 5 T ) = W 4 a )5 . 
Moreover, Ker(a±) = Wf ; ° + W 2 H;a + Wf + A±, where T*M = A± C Wf + 
W^, and £/ie modules Wf are described by W" = ffic^ A c<j, W 2 = su(3) A c<j 
and W 4 a 5 = T*M A ^+ = T*M A ^_ = u(3) ± A 

Now, if we compute the images by the maps a± ° S± of the VWpart of 
Vu;, we obtain the Wf^-parts of dip + and dtp-, i.e., 

(2.6) (# ± ) 4)5 = - ^3n + ^/d*u;) A V±, 

where d*uj means the coderivative of uj. Then, making use of Equations (2.1) 
and (2.2) in Equation (2.6), one can explicitly describe the one-form 77. This 
will complete the definition of the <SU(3)-connection \7 su( - 3 \ 

Theorem 2.5 ([15]). For an SU (3) -structure, the W^-part rj of the torsion 
can be identified with —rjip + = Sir] <g> ■?/>_ or —rjip- = 31 r] <g> ip + , where r] is 
a one-form such that 

* (*dip± A t/j±) = 6n + Id*u = — I * (*dvp + A ^_) — I * (*d^>_ A . 

Finally, we are going to show an alternative way to describe the summand 
£ of the intrinsic torsion of an S(7(3)-structure. In fact, if ei,e2,e3,e 4 = 
lei, e 5 — I e 2, e& = 1^3 is an adapted basis to an S!7(3)-structure, we have 

6 

(2.7) Vc<j = aijCi <g> e_jj^+. 

Now, we consider the S!7(3)-map r : T*M ® u(3) x -> ® 2 T*M defined by 

(2.8) r(a)(x,n) = i(a;ja,nj^ + ). 

It is straightforward to check that, for ct given by Equation (2.7), 
r ( a ) = Y^i 3=1 a ij e i ® e j an d the following results follow. 
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Proposition 2.6. If r is the map defined by (2.8), then 

(i) r is an SU(3) -isomorphism; 

(ii) r(W+) = R(; ■}, r(Wf) = Mcj; 

(iii) r(W^) = {5 G ® 2 T*M \ h is trace free symmetric and lb = b}; 

(iv) r(W.f ) = {& G ® 2 T*M \ b is skew- symmetric, lb = b and (ui, b) = }; 

(v) r{Wz) = {b G ® 2 T*M \ b is symmetric and lb = —b}; and 

(vi) r(Wi) = {b G ® 2 T*M \ b is skew- symmetric and lb = —b}. 
Finally, we point out that the coderivative of uj is given by 

6 

(2.9) d*uj = ^ ^2 (r(cj)(e j ,e fc ) -r(cj)(e fc ,e j ))e i , 

i=l {j,k\ip + (e i ,e j ,e k )=l} 

where we denote r(u) = r(Vuj). 

In [15] it is proved that the intrinsic S(7(3)-torsion i] + t; can be computed 
from dcu, dip + and dtp-. An explicit description of this fact is given in next 
Theorem, where we will write (dip±)^ = dip± + 3r] A ip±, and (X A Y) _idip± = 
dijj±(X, Y, •, •). We recall that rj is given in Theorem 2.5, it only remains to 
describe £. 

Theorem 2.7. The u(3) -part £ of the torsion of the minimal SU(3)- connection 
ysu(3) _ y + ^ + £ ^ gi ven by 

(2.10) £ X F = - l -r{uj){X,e t )^ + {e u e v Y)Ie v 

for all vectors X,Y. Furthermore, the (0, 2) -tens or field r(u) can be alterna- 
tively given by 

(2.11) 2r(u)(X, Y) = (Xjdu, Y^ + ) - ((X A F)j(#+) ? , u) 

+((/IAF)j(#.)^). 

Proof. From Equation (2.7) it follows 

(2.12) duj = a^ti A (e,- _«/>+). 
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Furthermore, computing H+(V.u;) and EL(V).u;), defined by Equation (2.5), 
and then alternating the obtained result, we will get 

(2.13) (dijj + )^ = dijti A tj A u>, 

(2.14) (dip-)s = -aijCi A Iej A a;. 

From Equations (2.12), (2.13) and (2.14), one can check Equation (2.11). 
Finally, from Equation (2.3) we can obtain 

txY = -±(V x u)(e j ,Y)Ie j . 
Now using Equation (2.7), we will obtain Equation (2.10). □ 

3 G2-structures 

We recall briefly some facts about G2-structures and derive some results we 
will need in subsequent sections. 

A G2-structure on a Riemannian seven-manifold (M, (•,•)) is by definition 
a reduction of the structure group of the tangent bundle to G 2 . This is 
equivalent to the existence of a global three-form (p which may be locally 
written as in (1.1). For all m G M, the tangent space T M is then associated 
to the representation ImO of G 2 . Since G 2 preserves (•, •), one can define a 
two-fold vector cross product P given by (P(x,y),z) = <p(x,y,z). A local 
orthonormal frame {eo, . . . , e$} for vectors is a Cayley frame, if P(ej, e^+i) = 
ej + 3 for all % G Z 7 [8, 13]. The four-form *<p defined by *(p(x,y, z,u) = 
& yzu {P(x,y), P(z,u)) , & denotes ciclyc sum, is another tensor which plays 
a key role in G 2 -structures. In terms of a Cayley frame, *f is locally given 
by ' 

*(/? = - e i+2 A e i+A A e i+5 A e i+6 . 

As volume form we fix the form Vol such that ipA*ip — IV ol = 7eo A • • • A e 6 . 

If V G2 = V + £ G2 is the minimal G 2 -connection, then the Levi-Civita 
covariant derivative = -^ G > G T*M C T*M ® A 3 T*M. Since 

02" = l^- 1 * V 9 1 ^ e TM}, the space ^ of covariant derivatives of (p can be 
described in the way contained in the following lemma. 
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Lemma 3.1 ([13]). If {e , . . . ,e^} is a Cayley frame, then a G X if and 
only if 

(3.1) a— ciij ti ® e,jj * ip = — a,ij ej <S> *(ej A ip). 

7 i,jez 7 

Therefore, if V denotes the Levi-Civita connection of the metric tensor 
field (•, •) on M, the tensor V<p can be expressed as a in Equation (3.1). 
Moreover, the exterior derivative dip and the coderivative d*ip are given by 

dip = — (Oj+2,j+2 + Oj+4,i+4 + Oi+5,1+5 + a i+&,i+%) e i+2 A e i+4 A e i+5 A ej +6 

iez 7 

+ ( a i+4,i+5 + a i+M+3 + Oj+2,j+6) e i A ej+i A e i+2 A e i+4 

jgZ 7 

(3-2) + £ ( 

i&L 7 

+ ( a i+4,i+5 — °j+3,j+l — a i+6,i+2) e i A Cj +3 A Cj +4 A Cj +6 

+ (— Oi+5,i+4 + Oi+l,i+3 — Oi+6,i+2) ej A A ej+6 A ej+i, 

iez 7 

= ( a i+5,i+4 — Oj+4,j+5 + a i+6,i+2 — Oj+2,j+6) Cj+i A ej+3 

iez 7 

(3.3) + £ (Oi+3,1+1 — Qj+l,i+3 + Oi+6,1+2 — Oj+2,j+6) ej +4 A ej +5 

iez 7 

+ ( a i+3,i+l — a i+l,i+3 + Oi+5,1+4 _ a i+4,i+5) e i+2 A e i+6 . 

Note that one can compute from dip and d*y? , for all i,j G Z 7 . As a 
consequence, the expression for Vip can be rebuilt from dip and d*ip. 

Fernandez and Gray [8] proved that X, under the action of G 2 , has four 
irreducible components, X = X^ + X^ + X^ + X^\ where the upper 
index indicates the corresponding dimension. Thus Vy? G X has four compo- 
nents giving rise to sixteen types of G 2 -structure. Conditions in terms of dip 
and d*ip can be given to characterize each type of G 2 -structure [13]. In [12], 
it was showed that the irreducible G 2 -summands of X can be alternatively 
described by the following G 2 -equivariant map 

X ■ T*M(g)T*M 
a — > f(a), 
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r((n) 
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Xi = MV 




= k constant 




X 2 = AV 


r(y>) 


g 02 




x 3 


r(<^) 






Xi = ccv 


r(<^) 


= -J2PV^ 




X\ + X2 


r(</?) 


+ r(<fiY is scalar and r(i^) — 
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is symmetric 
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r(<yc) 


+ T(ipY G SqT*JA and r(^) 


-r(^)* G 02 


Xi+X A = LCMV 




+ is scalar and r(^s) — 
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X 2 + X A = CCAV 
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is skew-symmetric 




X3 + X4 


r(ip) 


+ T{ipY G SlT*M and r(tp) 
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+ r(^)' is scalar 
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X2 + X3 + X4 


r(f) 


+ r(p)* G S%T*M 
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no relation 





Table 1: Types of G 2 -structures 
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where r(a)(x,y) = \{x^a,yj * p). For all a G X given by Equation (3.1), 
we have 

(3.5) f(a)— ^2 dijei^ej. 

Hence r is a G2-isomorphism. For the covariant two-tensors on M, we have 
the following decomposition into G2-irreducible components, Cg> 2 T*M = R + 
S 2 , T*M + 02 + 0^, where S 2 , T*M is the space of trace free symmetric two- 
tensors, 02 is the Lie algebra of G2 and 0^ is the orthogonal complement of 
02 in A 2 T*M. Now by the G 2 -isomorphism r, using the Schur's Lemma, we 
get X[ l) R, X^ w) 2 , Af 7) S 2 T*M and xP = g^. We recall that 02 
can be described as consisting of those skew-symmetric bilinear forms b such 
that 

(3.6) b( ej ,e k ) = 0, 

{j,k\(p(ei,ej,e k )=l} 

for all % G Z 7, where {eo, . . . , e$} is a Cayley frame. 

For sake of simplicity we will write r(ip) = r(Wtp). Now, by the map r, 
using Schur's Lemma, one can characterize each type of G2-structure ([12]). 
Such characterizations are shown in Table 1. 

The vector field p v which occurs in some conditions contained in Table 1 
is such that pd*f = *(*dip A ip) = (p v , ■). In [14], it is showed that 

(3.7) pd*ip = -2 Yl ( f (v?)(ej, e fc ) - r(<f)(e k , ej)) e*. 

iel, 7 {j,keZ 7 \ip(ei,ej,e k )=l} 

It is well known that the intrinsic torsion £ G2 of a G2-structure can be 
computed from dip and d*ip. Here we will give an explicit description of this 
fact. 

Theorem 3.2. The minimal Gi-connection is given by V G2 = V + £ G2 , 

where £ G2 is defined by 

^ = -^E F ^)(^e,)P(e,,r), 

for all vectors X,Y , andr(p) = 1/4(V.</?, -j*p). Moreover, the bilinear form 
f(p>) is expressed in terms of dip and *p by 



(3.8) 4f{(p)(X, Y) = (X^dp, Fj * p>, ) - (Yj(X A *</?), dp) + 2d*p(X, Y). 
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Proof. Equation (3.8) can be checked for r(</?)(ej, ej), using the expressions 
(3.2) and (3.3) for dip and d*<p, respectively. 

It is also immediate that £ G2 G T*M <g> q 2 . Finally, it is straightforward 
to check that V G2 <p = 0. Hence V G2 is the minimal G2-connection. □ 

Remark 3.3. As a direct consequence of last Theorem, we obtain an expres- 
sion for Vp in terms of dip and d*ip, i.e., Vip = —£ G2 p. Also note that 
the G 2 -connection V G2 , particularised to G 2 -structures of type X 2) coincides 
with the one given by Cleyton and Ivanov in [3]. 

4 Orientable hypersurfaces of manifolds with 
G2-structure 

From now on, M will be an orientable hypersurface of a seven-dimensional 
Riemannian manifold M with a G2-structure and i : M — > M will denote 
the inclusion map. Associated with the G 2 -structure, we have the metric 
(•, •), the fundamental three-form ip and the two-fold vector cross product P. 

Proposition 4.1. Let M be a Riemannian manifold with a G2-structure. If 
M is an orientable hypersurface and n is a unit normal vector field on M , 
then there is a special almost Hermitian structure on M defined by the almost 
complex structure 

(4.1) Ix = P(n,x), 
and the complex volume form given by 

(4.2) ^ = cos9i*p — sm9i*(nj * p) + % {?m.Qi*p + cos#i*(nj * ip)) , 

where 9 is a smooth function on M . 

The almost complex structure defined by (4.1) has been already consid- 
ered by Calabi in [1] and by Gray in [10]. On each point of M there is a 
Cayley basis with n as first element, i.e., {n, ei, . . . , e$}. The local frame of 
M given by {ei, e^, e%, e$, e^} is an adapted local frame for the special al- 
most Hermitian structure defined in Proposition 4.1 and the special unitary 
group SU(3) can be considered as included in G 2 in the following way 

SU(3) = {geG 2 d SO(7) \g.n = n }. 

In next lemma we relate the bilinear form r(u) = r(Vw), defined by 
Equation (2.8), with the bilinear form r(ip) and the shape tensor II. 
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Proposition 4.2. For the SU(3) -structure and the G2-structure considered 
in Proposition 4-1, if B(x,y) = (II(x,y),n) denotes the second fundamental 
form, Tr denotes trace, c^ means the contraction by uj and h is the length of 
the mean curvature H , i.e., h = (H,n), then 

(4.3) r(u) = cos 6 (-I(2)i*r(<p) + B) - sin 9 (t*r(<p) + I m B) , 

(4.4) 2Id*u = L*pd*ip-2r(ip)(n,Lj-) + 2r(ip)(Lj-,n), 

(4.5) pd*ip(n) = -2cos0 3>(r(w))-2sin0c^(r(w)) + 12/i, 

(4.6) Tr(i*r(v?)) = - sin 9 Tr (r(u)) + cos 9 c^ (r(u)) , 

(4.7) 3/77 = de-r(<p)(i*-,n). 

Proof. On each point of M, we consider a Cayley frame {n, e±, . . . , e$} and, 
using Equation (3.5) and Lemma 3.1, obtain 

f(<p)(ei, ei) =an = (V 6l y?) (e 4 ,e 6 ,n) = ((V £l P) (n,e 4 ),e 6 ) 
= ((Veil) e 4 ,e 6 ) - (V ei n,P(e 4 , e 6 )) 
= - (V ei u) (e 4 , e 6 ) + S(ei, lex). 

Since we have 

2 (V ei u) (e 4 , e 6 ) = (V 6i u;, /eu(i») = -(V ei cj, eiji*(nj * </?)), 
it is not hard to show 

r(tp)(X,IY) = ^{V x u,Yj(i*cp))-B(X,Y), 
r(tp)(X, Y) = ^(Vxuj, Yjt*(nj * tp)) + B(X, IY). 

for all vectors X, Y e TM. From these two identities, Equation (4.3) follows. 

Equation (4.4) is deduced from Equation (3.7), taking Equations (4.3) 
and (2.9) into account. Equations (4.5) and (4.6) are derived by computing 
Tr (r(cu)) and c w (r(u>)), taking Equations (3.7) and (4.3) into account. 

For Equation (4.7), we firstly consider that 9 is constant and equal to 0. In 
such a case, we have ifj + = i*ip and ip- = L*(n_i * tp). Noting that di*<p = i*d(p 
and making use of the explicit expression for dip given by Equation (3.2), we 
obtain the following identities 

* (*d L*ip A L*ip) = Id*uj — 2r(ip)(L*I-,n), 
* (*d i*<p A t*(n_i * ip)) = — d*uj — 2f (</?)( t*-, n). 
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From these identities, taking Theorem 2.5 into account, it follows 



(4.8) 



* (*di*(nj * <f) A i*(n_i * ip)) 



* (*i*d(p A i*p) 



(4.9) 



* {*di*{nj * ip) A i*ip) 



Id*u — 2r(p)(t*I-, n), 
* (*d Cp A L*(nj * </?)) 
— (To; — 2r( <£>)(<,*•, n). 



On the other hand, making use of Equations (2.1) and (2.2), for all \i G 
T*M, we have 

(4.10) * A A <*</?) = * (*(/i A L*(nj * p>)) A t*(nj * </?)) = — 2/i, 

(4.11) * (*(/i A L*(n_i * </?)) A i*v?) = — * (*(/! A A * </?)) = 2i/i. 

For sake of simplicity we have deduced Equations (4.8), (4.9), (4.10) and 
(4.11) fixing ^ = L*(p + iL*(nj*(p). But really, these equations mainly depend 
of the Hodge star operator * which is determined by the metric, and not of 
what complex volume form \I/ we have previously fixed. Thus Equations 
(4.8), (4.9), (4.10) and (4.11) are still true when \1> is given by (4.2). In such 
a case, we would have ip + = cos 9 i*p> — sin 9 t*(nj * ip) and need to compute 
* (*di/j + A to determine rj (see Theorem 2.5). In fact, taking Equations 
(4.8), (4.9), (4.10) and (4.11) into account, we would get 

6n + Id*u = * (*dtp+ A = -21 dB + Id*u - 2r(ip)(iJ-, n). 

From these identities Equation (4.7) follows. □ 

Proposition 4.2, Table 1 and Proposition 2.6 give place to results relat- 
ing the type of G 2 -structures on the ambient manifold, type of the Sub- 
structure on the hypersurface and the shape tensor. In the following theorem 
we only mention the more relevant consequences in such a direction. 

Theorem 4.3. Let M be a seven- dimensional Riemannian manifold with 
a G2- structure of type X 1 such that dp = k * p. Let M be an orientable 
hypersurface with unitary normal vector field n. We consider an Sub- 
structure on M defined as in Proposition 4-1- Then M is of type + Wf + 
W£ + ^2 + W3 + ^5 an d the conditions displayed in Table 2 characterise 
types of Substructure on M. 
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Proof. Taking Proposition 4.2 into account, since r((p) = k/A(-, •) and pd*ip = 
(see Table 1), we have 



Now, all parts of Theorem are direct consequences of these equations and 



Remark 4.4. (i) Conditions given in 10th, 11th and 12th lines of Table 2 
has been already shown by Calabi [1] for the particular case M = 
M. 7 considered as the pure imaginary Cayley numbers. Also for such 
a case, Gray [10] proved that any orientable hypersurface is of type 
Wi + W2 + W3 as almost Hermitian manifold, and deduced conditions 
with correspond with those contained in 2nd and 9th lines of Table 2. 
Here the context is more general and we give more detailed information 
with respect to the <SU"(3)-structure defined on the hypersurface. 

(ii) In Theorem 4.3, if we consider the G2-structure on M of type V, we 
would obtain the same conclusions but for k — 0. So that we will not 
show a specific table for such a situation. 

(iii) In Table 2, it is not given an exhaustive list of conditions which charac- 
terise all possible types. We only has written conditions for those more 
relevant types. However, it is straightforward to deduce the remaining 
characterizations from conditions contained in the table. 

For most of the following theorems, their proves are deduced using analog 
arguments as in the proof of Theorem 4.3. For such a reason, we give some 
of those theorems without an explicit proof. 

Two special particular cases of Theorem 4.3 for 9 constant are respectively 
when 9 = and 9 = tt/2. 

Theorem 4.5. Let M be a seven- dimensional Riemannian manifold with 
a G 2 -structure of type X 1 such that dip = k * ip. Let M be an orientable 
hypersurface with unitary normal vector field n. We consider an Sub- 
structure on M defined as in Proposition 4-1, taking 9 = 0(9 = n/2) constant. 
Then M is of type + W 2 F(_) + W 3 and the conditions displayed 

in Table 3 characterise types of SU(3)- structure on M. 




Id*u = 0, 3/77 = d9. 



Proposition 2.6. 



□ 
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+ Wf - 






+ w 3 


is constant 


wf 


+ Wf - 


fW+- 




+ w 5 


IB = B 


wt 


+ Wf - 


f-W+- 


f w 3 - 




sin0 (1 + I)B = 2/isin0(-,-) 


w+ 


+ Wf - 


r-W 2 "- 






cos 0(1 + /)£ = 2/icos<9(-,-} 




+ W+- 


fw 2 -- 


f w 3 - 




— 4/i sin0 = fc cos 


wr 


+ W+- 


f W 2 "- 


f w 3 - 




Ah cos = fcsin0 




+ Wf - 


fW 3 4 


- w 5 




(1 + I)B = 2h(;-) 


w+ 


+ w 2 -- 


fW 3 4 


-w 5 




M is a minimal variety and M is of type V 




+ Wf - 


fW 5 






M is totally umbilic 




+ w 2 -- 


fW 5 






IB = £?, M is a minimal variety and M is of type P 


w 3 










IB = -B and M is of type V 












M is totally geodesic and M is of type V 


{0} 










M is totally geodesic, 9 is constant and 
M is of type V 



Table 2: M of type X 1 
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1 


+ wr (+) 


+ w 2 +( - ) 

1 z 


IB = B 


1 


+ wr (+) 

± 


+ w 3 


(l + I)B = 2h(-,-) 


w 1 +(_) 

1 


+ w 2 +( - ) 

z 


+ vv 3 


M is of type V 


wr (+) 


+ w 2 +( - ) 

' z 


+ w 3 


M is a minimal variety 


i 


+ wr (+) 




AI is totally umbilic 


1 






IB = B and M is of tvDe V 


wr (+) 
i 


+ Wo +(_) 
i ' ^2 




1 13 = 13 and is £l ixiinircicil variety 




4- v\A 

T 'VJ 




(I _i_ J|R = 9/7/. -\ and M is of tvne "P 




-1- Wo 




f R — — Ft 




+ w 3 




M is a minimal variety and M is of type V 


w 3 






IB = —B and M is of type V 


w 2 +( - } 






IB = B, M is a minimal variety and M is of type V 


w~ (+) 






M is totally geodesic 








M is totally umbilic variety and M is of type V 


{0} 






M is totally geodesic and M is of type V 



Table 3: M of type X l and = 0(tt/2) constant 



A particular case of Theorem 4.5 is when the G2-structure on M is of 
type V . In such a situation we have the following result. 

Theorem 4.6. Let M be a seven-dimensional Riemannian manifold with a 
G2- structure of type V. Let M be an orientable hyper surface with unitary 
normal vector field n. We consider an SU(3) -structure on M defined as 
in Proposition 1^.1, taking 6 = 0(9 = n/2) constant. Then M is of type 
+ y\?2^ + W3 an d the conditions displayed in Table 4 characterise 
types of SU {3) -structure on M. 

Next, we describe the situation when the G2-structure is almost parallel. 

Theorem 4.7. Let M be a seven-dimensional Riemannian manifold with a 
G2- structure of type X 2 . Let M be an orientable hyper surf ace with unitary 
normal vector field n. We consider an SU (3) -structure on M defined as in 
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yVi 


_) 4- W +{ - } 
+ KV2 


1 r> — £J 




_) + >v 3 


(l + 7)B = 2/ l (-,.) 




_) + w 3 


M is a minimal variety 


m 




IB = -B 




-) 


IB = B and M is a minimal variety 


< ( - 


-) 


M is totally umbilic 


{0} 




M is totally geodesic 



Table 4: M of type V and = 0(0 = tt/2) constant 



Proposition 4. 1. Then we have d*oj = 6Ir) — 2d9 = — 2r(</?)(i*-, n) and the 
conditions displayed in Table 5 characterise types of SU(3)- structure on M. 

Proof. Taking conditions of Table 1 into account, it follows that, for a G2- 
structure of type X 2 , we have 

c w (i*r(<p)) = 0, pcTip = 0, r(<p)(X,Y) = -r(<p)(Y,X), 
r(<p)(X, Y) - r(<p)(IX, IY) = r(<p)(n, P(n, P(X, Y))), 

for all vector fields X, Y tangent to M. Now, Theorem follows from these 
equations, Proposition 4.2 and Proposition 2.6. □ 

Note that Table 5 only contains conditions for some types of Sub- 
structure on M. However, conditions for remaining types can be easily 
derived from those which are given in the mentioned table. Next we give 
the result corresponding to Theorem 4.7 when 9 = 0(9 = tt/2) constant. 

Theorem 4.8. Let M be a seven-dimensional Riemannian manifold with a 
G2- structure of type X2 . Let M be an orientable hyper surf ace with unitary 
normal vector field n. We consider an SU(3) -structure on M defined as 
in Proposition 4-1, taking 9 = 0(9 = tt/2) constant. Then M is of type 
+ W 2 +H + W 3 + W 4 + W 5 , d*u = Qlr] = -2f (</?)(/,*•, n) and the 
conditions displayed in Table 6 characterise types of SU(3)- structure on M. 

Now, we will see the corresponding theorem to G 2 -structures of type X 3 . 
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w, + + wr + wt + Wn +Wi + Wi 


d# = 2r(v?)(t*-, n) 




w+ + wr + W+ + wr + + w^ 


r(ip)(i*-,n) = 




Wf + Wf + W 2 + + Wf + w 4 + w 5 


IB = B 




W+ + Wf + W+ + w 3 + w 4 + w 5 


sinfl((/ (1) -J (2) )4*r(^) + (l 


+ I)B) 

= 2hsm0{; ■) 


W+ + Wf + W 2 " + w 3 + w 4 + w 5 


COS0((J (1) - /( 2 ))f%) + (l 


+ I)B) 

= 2hcos6{-,-} 


Wf + W+ + W 2 " + w 3 + w 4 + w 5 


ftsinfl = 




wr + W 2 + + W 2 " + w 3 + w 4 + w 5 


/i cos 6* = 




Wf + Wf + W 2 + + W 2 " + w 3 


r (<p) ((<*•, n) = and is constant 


Wf + Wf + w 3 + w 4 + w 5 


(/ (1) -7 (2) )^) + (l + /)B 


= 2h(;-) 


W+ + Wf + w 3 + w 4 + w 5 


M is a minimal variety 




Table 5: 


: M of type ;f 2 





w+ ( - 


~ } + w 2 +(_) + w 3 


r(<p)(i*-,ri) = 


W+ ( " 


~ } + w 2 +(_) + w 4 + w 5 


IB = B 


W+ ( " 


_) + w 3 + w 4 + w 5 


(I {1) -I {2) )i*r(<p) + (l + I)B = 2h{;-) 


w 2 +( - 


~ } + w 3 + w 4 + w 5 


h is a minimal variety 



Table 6: M of type # 2 and = 0(0 = vr/2) constant 
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Theorem 4.9. Let M be a seven- dimensional Riemannian manifold with a 
G2- structure of type X 3 . Let M be an orientable hyper surf ace with unitary 
normal vector field n. We consider an SU(3) -structure on M defined as in 
Proposition 4.1. Then M is of type + Wf + + W 2 ~ + W 3 + W 5 and the 
conditions displayed in Table 7 characterise others types of SU(3) -structure 
on M. 

As a consequence of last Theorem, we analyse the situation when 9 = 
0(9 = 7r/2) constant. 

Theorem 4.10. Let M be a seven- dimensional Riemannian manifold with 
a G2-structure of type X 3 . Let M be an orientable hyper surf ace with unitary 
normal vector field n. We consider an SU(3) -structure on M defined as 
in Proposition 4-1, taking 9 = 0(9 = it/2) constant. Then M is of type 
V\?t + Wf + W2 + yV 2 + W 3 + W 5 and the conditions displayed in Table 8 
characterise types of SU (3) -structure on M. 

Finally, we pay attention to locally conformal parallel G 2 -structures. 

Theorem 4.11. Let M be a seven- dimensional Riemannian manifold with 
a G2-structure of type X± . Let M be an orientable hypersurface with unitary 
normal vector field n. We consider an SU (3) -structure on M defined as 
in Proposition 4-1- Then 3Ld*u = i*pd*ip = \2Id6 + 36^ and the diverse 
types of SU(3) -structure on M are characterised by the conditions displayed 
in Table 9. 

Proof. Taking conditions of Table 1 into account, it follows that, for a G 2 - 
structure of type X 4 , we have 

2 Cu] (r(u)) = sm9(12h-pd*ip(n)), 2 Tr(r(uo)) = cos 9(12h - pd*ip(n)), 
pd*<p(ij-) = 12f(v?)(i*-,n) = (p(p lfi ,n, •), 

r(<p)(X,Y) = ~p,r<p(P(X,Y)), 
pd*ip(P(X, IY)) - pd*ip(P(IX,Y) = 2pd*ip(n)(X,Y), 

for all vector fields X, Y tangent to M. Now, Theorem follows from these 
equations, Proposition 4.2 and Proposition 2.6. □ 

Theorem 4.12. Let M be a seven-dimensional Riemannian manifold with 
a G 2 -structure of type X± . Let M be an orientable hypersurface with unitary 
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■\ A 1-1- i ^ A 1 

Wf + W 1 


i "V A 1-1- i "\ A 1 i A A 1 

+ wf + w 2 + w 3 


do = r{ip)(u-,n) 


Wf + Wf 


+ Wf + Wf + w 5 


(/(i)+/( 2 ))r(^) = (l-^ 


Wf + Wf 


+ Wf + w 3 + w 5 


3 cos 0(1 + J)r(<p) +3 sin (9(1 + I)B 

= [bti sin u — cost)r(ip)(n, n) ){■, ■) 


Wf + Wf 


+ Wf + w 3 + w 5 


-3 sin 9(1 + I)r(ip) + 3 cos 0(1 + I)B 

= (6hcos9 + smQr((p)(n, n))(-, •) 


W+ + w+ 


+ Wf + w 3 + w 5 


cos ffr(<p) (n, n) = Qh sin 9 


Wf + Wf 


+ Wf + w 3 + w 5 


sin 6r(ip) (n, n) — —6ft. cos 9 


Wf + Wf 


+ w 3 + w 5 


3(1 + I)b*r(ip) = —r(ip)(n, n)(-, ■) and 
(l + I)B = 2h(-,-) 


Wf + W 2 " 


+ w 3 + w 5 


r(ip) (n, n) = and M is a minimal variety 



Table 7: M of type X 3 



normal vector field n. We consider an SU(3) -structure on M defined as in 
Proposition 4-1, taking 6 = 0(9 = n/2) constant. Then 3Id*u = i*pd*ip = 
3Qr] , M is of type W 1 +(_) + W 2 +(_) + W 3 + W 4 + W 5 and the diverse types 
of SU (3) -structure on M are characterised by the conditions displayed in 
Table 10. 

Finally, it is of some interest to consider the particular situation such that 
the vector field p v is tangent to M. 

Corollary 4.13. In the same conditions as in Theorem 4. 11, but with p v 
tangent to M. Then the diverse types of SU(3) -structure on M are charac- 
terized by the conditions given in Table 11. 

Fernandez & Gray showed that there are at most sixteen types of seven- 
dimensional manifolds with G2-structure [8]. 'At most', because topological 
conditions can do impossible the existence of some particular type. In fact, 
the type Wi + W2 — (Wi U W2) can not be found on a connected manifold 
[13]. Examples for the remaining types were shown in [8, 7, 13, 16]. Thus, 
there are really fifteen types of G 2 -structure. For each type of G 2 -structure, 
theorems and results of the sort here exposed can be given. Their proves 
would make reiterated use of Proposition 4.2, Table 1 and Proposition 2.7. 
For sake of brevity, we only give the results presented until this point and 
the following one that we consider of some special interest. 
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w+ + wr + w+ + wr + w 3 


r(<^)(t*-,n) = 
(idem) 


wr + wr + w 2 + + w 2 - + w 5 


(J (1) + / (2) )r( ¥ .) = (l-J)B 
(idem) 


w+ + wr + w+ + w 3 + w 5 


3(l + J)r( ¥ >) = -r( ¥ >)(n,n))<-,-) 
((l+J)B = 2ft< v » 


wr + wr + w 2 - + W 3 + W 5 


(l + /)B = 2/i<-,-) 

(3(l + /)r(^) = -r(^)(n,n))<-,-)) 


W+ + W 2 + + W 2 " + w 3 + w 5 


r(^p)(n, n) = 

(M is a minimal variety) 


Wf + W 2 + + W 2 " + w 3 + w 5 


M is a minimal variety 
(r(ip)(n,n) = 0) 



Table 8: M of type A3 and 9 = 0(9 = tt/2) constant 



W+ + Wr + W+ + Wr + W 3 + W 4 t'jxfV = 12M9 



w+ + wr + w+ + wr + w 3 + w 5 


p v is normal to M 




w+ + wr + w+ + w 2 - + w 4 + w 5 


IB = B 




w+ + wr + w+ + w 3 + w 4 + w 5 


sin0 2/i(-,-) = sin 0(1 + 1)5 


wr + wr + w 2 - + w 3 + w 4 + w 5 


cos0 2/i(-, •) = cos 0(1 4 


-I)B 


w+ + w 2 + + wr + w 3 + w 4 + w 5 


sin0(ptfV(n) - 12/i) = 





wr + w+ + wr + w 3 + w 4 + w 5 


cos6(pd*ip(n) - 12h) = 





wr + wr + w 3 + w 4 + w 5 


(l + I)B = 2h(;-) 




w+ + wr + w 3 + w 4 + w 


pd*ip{n) = I2h 




wr + wr + w 4 + w 5 


M is totally umbilic 





Table 9: M of type ^4 
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+ w 2 +( ~ } + w 3 


p v is normal to M 


w+ ( - ; 


+ w 2 +(_) + w 4 + w 5 


IB = B 


w+ ( - 


+ w 3 + w 4 + w 5 


(l + I)B = 2h(;-) 


w 2 +( - 


+ w 3 + w 4 + w 5 


pd*ip(n) = 12h 


w+ ( - 


+ w 4 + w 5 


M is totally umbilic 



Table 10: M of type X A and 9 = 0(9 = tt/2) constant 



W? + Wf 


+ w 2 + + Wf + w 3 + w 4 


= I21d6 


W^ + Wf 


+ W 2 + + Wf + w 4 + w 5 


IB = B 


W x + + Wf 


+ W+ + w 3 + w 4 + w 5 


sine 2h(-,-} = sin (9 (1 + I)B 


W+ + Wf 


+ Wf + w 3 + w 4 + w 5 


cos9 2h(-,-) = cos9 (l + I)B) 


W+ + w 2 + 


+ Wf + w 3 + w 4 + w 5 


h sin e = 


Wf + W+ 


+ Wf + w 3 + w 4 + w 5 


ft, cos e = o 


W+ + Wf 


+ w 3 + w 4 + w 5 


(l + 7)B = 2/ l (-,.) 


w+ + wf 


+ w 3 + w 4 + w 5 


M is a minimal variety 


W+ + Wf 


+ w 4 + w 5 


M is totally umbilic 


w 4 + w 5 




M is totally geodesic 



Table 11: M of type A" 4 and p^, tangent to M 



25 



Theorem 4.14. Let us consider a seven- dimensional Riemannian manifold 
M equipped with a G 2 - structure, an orientable hyper surf ace M of M with 
unitary normal vector field n, and an SU(3) -structure on M defined as in 
Proposition 4-1- 

(i) // the G 2 -structure on M is of type X 1 + X 3 , then the SU (3) -structure 
onM is of type Wf + Wf + Wf + Wf + W 3 + W 5 . 

(ii) // the G2-structure on M is of type X 2 + X± and p v is tangent to M , 
then the SU(3) -structure on M is of type Wf + Wf + W 3 + W 4 + W 5 
if and only if M is a minimal variety. 

(iii) // the G 2 -structure on M is of type X 2 + X 4 , then the SU {3) -structure 
on M is of type Wf + Wf + Wf + Wf + W 4 + W 5 if and only if 
IB = B. 

5 Examples 

1. SU {3) -structures on S 6 .- Let us consider M 7 as identified with ImO, the 
pure imaginary Cayley numbers. It is well known that M, 7 , considered in this 
way, is equipped with a parallel (V) G 2 -structure defined by means of the 
product of Cayley numbers. Since the six-dimensional sphere S 6 is totally 
umbilic in M 7 , taking Theorem 4.3 into account, S 6 has S(7(3)-structures of 
types Wf + Wf + W 5 and Wf + Wf . Likewise, taking Theorem 4.5, S 6 
has two S(7(3)-structures of type Wf and Wf , respectively. 

Moreover, since Bge = (•,•), by Proposition 4.2, we have r(cj s e) = 
cos# (•, •) + sinOujge. Finally, taking Equation (2.8) into account, we get 

(5.1) Vo; S 6 = cos9ip s e + + sm9ip S 6_. 

2. SU(3) -structures on S 5 x S 1 .- Now we consider the SU"(3)-structure on 
S 6 with 9 = constant. On the product manifold S 6 x S 1 , we define a G 2 - 
structure by 

(5.2) if = — d A CU56 + ipga + , *if = — -uj s « A Uge + $ A ipgs _, 

where $ is a Maurer-Cartan one-form on S 1 . Since Vwj« = V ; s 6 + an d Vs 6 = 0> 
taking Theorem 2.3 and Corollary 2.4 into account, we have 

dips? + = 0, dijjgs _ = 2cj S 6 A w s e. 
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Therefore, 



dip = 3$ Aips 6 + = 3$ A ip, 
d* Lp = — 2$ A edge A Uge = Ad A *</?. 



Hence, S 6 x S 1 is equipped with a G 2 -structure of type X 4 with pd*tp\ = 
— 12$ (see [13]). This fact was pointed out in [14] and, moreover, we have 
f(ip) = (p("d, •, •) (see Table 1). 

The manifold S 5 x S 1 is contained in S 6 x S 1 as a totally geodesic ori- 
entable hypersurface. Thus, if n is the unit normal vector field on S 5 x S 1 , we 
are in the conditions of Corollary 4.13 with Id*uo = \2r] + AId6 = —Al*§ ^ 0. 
Therefore, the manifold S 5 x S 1 has SL7(3)-structures of type 



Remark 5.1. It is well known that S 6 and S 5 x S 1 have almost Hermitian 
structures ((7(3)-structures) of type Wi and W4, respectively. Here we give 
further information about S 6 and S 5 x S 1 as special almost Hermitian mani- 



?>. Hyper surf aces of the manifold H(l, 2)/T xT 2 .- Let 2) the generalized 
Heisenberg group, i.e., the connected, simply connected and nilpotent Lie 
group consisting of matrices: 



where X and Z are 2x1 matrices of real numbers and y is a real number. 
If we write X 1 = (xi,x 2 ) and Z f = (zi,z 2 ), then a coordinate system on 
H(l, 2) is given by: 

zi(a)=a;i, x 2 (a) = x 2 , y(a) = y, zi(a) = z u z 2 (a) = z 2 ; 

and a basis of left invariant one-forms is: 



Let T be the discrete subgroup of if (1,2) consisting of matrices with 
integer entries. We consider the quotient space if (l,2)/r. Since the one- 
forms {dx\,dx 2 ,dy,dz\ — x\dy,dz 2 — x 2 dy) are left invariant, they descend 
to one-forms (3 2 , A, 71, 72} on if (1,2)/T such that: 



(VV 4 + w 5 ) - (w 4 u w 5 ) . 



folds. 




{ofei, dx2, rfy, dz\ — xidy, rf2 2 — x 2 dy}. 



d(3 x = d(3 2 = d\ = 0, dry 1 = A A rf 72 = A A /3 2 . 



27 



Let us consider the product manifold M = H(l,2)/T x T 2 , where T 2 is 
a two-dimensional torus. If 771,772 denote a basis of closed one-forms on T 2 , 
we consider on M the following basis for one-forms 

e — Pi, ei = 72, e 2 =i]2, e 3 = 771, e 4 = /3 2 , e 5 = A, e 6 = 71. 

In [7] it is defined the G 2 -structure such that {eo, e±, . . . , e$} is a Cayley 
coframe for one-forms and found that such a G2-structure is of type X 2 , 
i.e., dip = 0. In fact, it was the first known example of compact calibrated 
manifold with G2-structure. Moreover, one can compute 

d*ip = — * d * ip = e A t\ — e 4 A e 6 . 

Now, using Equation (3.8), we obtain the bilinear form 

2r[ip) = eo A ei — e 4 A e 6 . 

Let us recall that we have de\ = — e 4 A es, de& = — eo A es and dei = 0, 
for i = 0,2,3,4,5. From ei([ej, e&]) = —dei(ej, e&), where /c e Z 7 and [, ] 
denotes the Lie bracket, we get [eo,es] = e^, [e 4 , es] = e\ and [e^e^] = for 
e Z 7 xZ 7 -{(0,5), (5,0), (4,5), (5,4)}. Now, using Koszul Formula, we 
get V eo e 5 = |e 6 , V eo e 6 = -|e 5 , V ei e 4 = -§e 5 , V ei e 5 = |e 4 V e4 ei = -|e 5 , 
V e4 e 5 = -|ei, V e5 e = -|e 6 , V e5 ei = ±e 4 , V e5 e 4 = -|e 1; V e5 e 6 = |e , 
V e6 e = -|e 5 , V e6 e 5 = |e , and V^- = 0, for all G Z 7 x Z 7 - 

{(0, 5), (0, 6), (1, 4), (1, 5), (4, 1), (4, 5), (5, 0), (5, 1), (5, 4), (5, 6), (6, 0), (6, 5)}. 

(i) Let us consider a hypersurface Mi which is a maximal integral sub- 
manifold of the integrable distribution defined by the one-form n = e 3 . 
Such hypersurface Mi is diffeomorphic with MxT 1 . Since M\ is to- 
tally geodesic and r( 99) (<.*•, n) = 0, making use of Theorem 4.7, Mi has 
induced an S(7(3)-structure of type W 2 + W^ + Ws. If we take 9 = tt/4 
constant, the SU"(3)-structure is of type W 2 + Wf- Finally, making 
use of Theorem 4.8, we obtain two S(7(3)-structures on M 1 of type W 2 
and W 2 , respectively. 

(ii) Let us consider a hypersurface M 2 which is a maximal integral sub- 
manifold of the integrable distribution defined by the one-form n = eo- 
The second fundamental form M2 is given by 2B = es <g> e§ + <g> es and 
2i*r(ip) = — e 4 A e%. Thus, M 2 is a minimal variety and it is satisfied 

— I{2))t*f((f) + (1 + I)B = 0. Therefore, by making use of Theo- 
rem 4.7, the S!7(3)-structure on M 2 is of type W 3 + W 4 + W 5 . Note 
that IB ^ B and -2f(ip)(u-,n) = e x ^ 0. 
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(iii) Let us consider a hypersurface M3 which is a maximal integral sub- 
manifold of the integrable distribution defined by the one-form n = e$. 
The second fundamental form of M3 is given by B = — e$ V e$ — e\ V e^, 
where 2a V 6 = a®b + b®a. Moreover, 2i*f((p) = e Aei— e 4 Ae 6 . Thus, 
M 3 is a minimal variety, IB = B and r((p)(t,*-,n) = 0. Then, using 
Theorem 4.7, we have that M3 is of type Kahler (W5). In particular, 
when 9 is constant, the intrinsic <S(7(3)-torsion of M3 vanishes, i.e., M3 
is su(3)-Kahler. 

A. Hyper surf aces of a family of manifolds with G2- structure of type X 3 - Let 
us consider the manifolds M(k) described in [5] as follows. For a fixed k £ 
R, k 7^ 0, let G(k) be the three-dimensional connected and solvable (non- 
nilpotent) Lie group consisting of the matrices 



where x,y,z G K. Then, a global coordinate system {x, y, z} for G(k) is given 
by x(a) = x, y(a) = y, z(a) = z. A straightforward computation proves that 
a basis of right invariant one-forms on G(k) is {dx — kxdz, dy + kydz, dz}. 

The Lie group G(k) can be also described as the semidirect product Rx^ 
IR 2 , where : E — > Aut(E 2 ) is the representation defined by 



Therefore G(k) possesses a discrete subgroup T(K) such that the quotient 
manifold M(k) = G(k)/T(k) is compact. Moreover, the one-forms dx — 
kxdz, dy + kydz, dz descend to M(k). Let us denote by a, (3, 7, respectively, 
the induced one-forms on M(k). Then we have da = —ka A 7, d(3 = 

k/3 A 7, d7 = 0. 

Let us consider the product manifold M(k) x T 4 where T 4 is a four- 
dimensional torus. Let ?7i, 772, 773, 774 be a basis of closed one- forms on T 4 . 
Then in M{k) x T 4 we consider the following basis for one-forms 

e = a, ei = (3, e 2 = rj 2 , e 3 =7, e 4 = 773, e 5 = 7] 4 , e 6 = 775. 

Therefore, deo = — keo Ae 3 , dei = fcei Ae 3 and de-i = 0, for alH e Z 7 — {0, 1}. 



a = 



/ x \ 

e- fez y 

1 z 

\ 1 / 
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We consider on M(k) x T 4 the G 2 -structure determined by the four form 

¥ = EiGZ 7 6 i A e *+l A e *+3- SillCe 

(5.3) dip = k e 3 A e 4 A e$ A eo — k e 3 A es A e% A ei 

+A;e 3 A e 6 A e A e 2 — k e 3 A ei A e 2 A e 4 , 

we have dip A ip — 0. Moreover, it is immediate to check that d * ip = 0. 
Therefore, the G 2 -structure is of type X 3 . Moreover, with the indicated 
metric, these manifolds do not admit any G 2 -structure of type V (see [14]). 

Now, from d*ip = and the expression for dip given by (5.3), taking 
Equation (3.8) into account, we obtain 

(5.4) r(Tp) = -2ke V e x . 

From ej([e 3 -,e fc ]) = -de^e,-, e fe ), for i,j,k G Z 7 , we get [e ,e 3 ] = ke , 
[ei,e 3 ] = -fcei and [e^e,] = for (i,j)_e Z 7 xZ 7 -{(0, 3), (3, 0), (1, 3)^(3, 1)}. 
Now, using Koszul Formula, we get V eo e 3 = ke , V ei e 3 = —kei, V eo e = 
— ke 3 , V ei ei = /ce 3 and V e ej = 0, for all E Z 7 x Z 7 — {(0, 3), (1, 3), 
(0,0), (1,1)}. 

(i) Let us consider a hypersurface JVi which is a maximal integral submani- 
fold of the integrable distribution defined by the one- form n = e 2 . Such 
a hypersurface N\ is diffeomorphic with M(k) xT 3 . Since N\ is totally 
geodesic, r (</?)( i* •, n) = 0, r(^)(n, n) = 0, and 6*r(^) = — 2ke V ei, 
taking Theorem 4.9 into account, N\ has S(7(3)-structure of types 
W 2 + + W 2 + W 3 + W 5 . Taking 9 constant, the SU(3)-structure on 
Ni is of type + W 2 ~ + W 3 . In particular, when = 0(0 = tt/2) con- 
stant, making use of Theorem 4.10, we have that the SL r (3)-structure 
is of type W 2 + + W 3 (W 2 _ + W 3 ) . 

(ii) Let us consider a hypersurface iV 2 which is a maximal integral subman- 
ifold of the integrable distribution defined by the one- form n = e 3 . The 
second fundamental tensor of N 2 is given by B = keo <E> eo — fcei <E> ei. 
Thus, M 2 is a minimal variety, r(</?)(t*-, n) = 0, r(Tp)(n,n) = 0, IB = 
—B and lL*r(Tp) = —i*r(Tp). Then, using Theorem 4.9, Ni has SU(3)- 
structures of type W 3 + W5. In particular, when 9 is constant, the 
S(7(3)-structure on N 2 is of type W 3 . 

(iii) Let us consider a hypersurface N 3 which is a maximal integral subman- 
ifold of the integrable distribution defined by the one- form n = eo- It is 
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immediate that A3 is totally geodesic, r (</?)( •, n) = —kei, L*r(Tp) = 
and r(Tp)(n,n) = 0. Then, using Theorem 4.9, the <S(7(3)-structure on 
N 3 is of type W5. If we consider 6 constant, then N 3 is su(3)-Kahler. 
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